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Chapter	II‐Lecture	4	of	10	

Transmission	Lines	‐	Wave	Equations	

 Standing	Waves	and	Standing	Wave	Ratio

 Standing	Waves	and	the	Bounce	Diagram

 Addendum	C:	The	Bounce	Diagrams	in	the	Frequency	Domain

	
In	previous	lectures:	

In	 the	 last	 lecture,	 we	 learned	 about	 the	 physical	 implications	 of	 the	 reflection	
coefficient	Γ(z)	defined	as	the	ratio	between	the	–z	and	+z	waves.		We	also	learned	
about	the	driving	point	impedance	Z(z)	and	its	relationship	to	Γ(z).	

	

	
Figure	2.6	
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Standing	Waves	and	Standing	Wave	Ratio:	

This	 lecture,	 we	 will	 discuss	 transmission	 lines	 standing	 waves,	 Standing	 Wave	
Ratio,	and	the	Bounce	Diagram	in	the	Frequency	Domain.	

The	 combination	of	waves	 traveling	 in	both	directions	on	 the	same	TL	 is	 likely	 to	
cause	 standing	waves	 to	 form.	 	To	explain,	 let	us	 start	with	 the	 lossless	 line	 time‐	
domain	combined	solution,	Equation	(2.34).		

,ݖሺݒ ሻݐ ൌ |ܸା| ݐሺ߱ݏ݋ܿ െ ݖߚ ൅ ߮௩ାሻ ൅ ݐሺ߱	ݏ݋ܿ	|ିܸ| ൅ ݖߚ ൅ ߮௩ି	 ሺ2.34ሻ	
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By	adding	and	subtracting	the	term	|ܸି| cosሺ߱ݐ െ ݖߚ ൅ ߮௩ାሻ	in	the	right	hand	side	of	
the	equation,	we	obtain:	

,ݖሺݒ ሻݐ ൌ |ܸା| ݐሺ߱ݏ݋ܿ െ ݖߚ ൅ ߮௩ାሻ ൅ |ܸି| ݐሺ߱ݏ݋ܿ ൅ ݖߚ ൅ ߮௩ିሻ		
,ݖሺݒ ሻݐ ൌ ሼሾ|ܸା| െ |ܸି|ሿ ݐሺ߱ݏ݋ܿ െ ݖߚ ൅ ߮௩ାሻሽ

൅ ሼ|ܸି|ሾܿݏ݋ሺ߱ݐ െ ݖߚ ൅ ߮௩ାሻ ൅ ݐሺ߱ݏ݋ܿ ൅ ݖߚ ൅ ߮௩ିሻሿሽ	
,ݖሺݒ ሻݐ ൌ ሼሾ|ܸା| െ |ܸି|ሿ ݐሺ߱ݏ݋ܿ െ ݖߚ ൅ ߮௩ାሻሽ ൅ ሼ2|ܸି|ሾܿݏ݋ሺ߱ݐ ൅ ߮ଵሻ ∙ ݖߚሺݏ݋ܿ ൅
߮ଶሻሿሽ	 ሺ2.61ሻ	
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The	 first	 term	of	 the	 resulting	equation,	 ሼሾ|Vା| െ |Vି|ሿ cosሺωt െ βz ൅ φ୴
ାሻሽ,	has	 the	

same	traveling	form	as	the	positive‐z	traveling	wave	but	with	a	reduced	amplitude	of	
ሾ|ܸା| െ |ܸି|ሿ.	On	 the	 other	 hand,	 the	 second	 term,	 ሼ2|Vି|ሾcosሺωt ൅ φଵሻ ∙ cosሺβz ൅
φଶሻሿሽ	has	an	amplitude	of	2|ܸି|	and	describes	a	“standing	wave”	that	does	not	travel	
in	either	direction	on	the	line	and	t	is	characterized		by	stationary	“peaks/maxima”	
and	“valleys/minima”.	This	can	be	seen	mathematically	by	examining	the	expression	
and	recognizing	that	the	spatial	dependence	term	ሾcosሺβz ൅ φଶሻሿ	forces	the	term	to	
zero	 at	 certain	 z	 locations	 irrespective	 of	 the	 time	 dependent	 term.	 	 This	 is	
demonstrated	in	Figure	2.13.	

	
Figure	2.13	

Hence,	 expression	 (2.61),	 as	 seen	 in	 the	 figure,	 is	 a	 mixture	 of	 a	 traveling	 wave	
component	and	a	standing	wave	one.	The	amplitude	of	the	standing	wave	component	
2|ܸି|,	is	determined	by	the	level	of	the	reflected	signal.		In	the	absence	of	reflections,	
there	will	be	no	standing	waves	and	we	get	pure	traveling	waves	on	the	line.	However,	
a	100%	reflection	where	|ܸି| ൌ |ܸା|	results	in	a	pure	“100%”	standing	waves	on	the	
TL	since	the	traveling	wave	term	ሾ|Vା| െ |Vି|ሿ	reduces	to	zero.				

Standing	Wave	Ratio:	

An	important	indicator	of	the	level	of	standing	waves	in	a	TL	network	is	the	standing	
wave	ratio,	SWR,	the	definition	for	which	is	the	ratio	of	the	peak	(max)	amplitude	of	
the	signal	and	its	valley	(min)	value:	
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	 ሺ2.62ሻ	



	

Chapter	II	–	TL	 EM	Fields	&	Waves	–	2014	‐	Sedki	Riad	 Page	3	of	9	

SWR=1	for	a	pure	traveling	waves	(|Γ| ൌ 0ሻ	and	SWR=∞	for	a	pure	standing	wave	
(|Γ| ൌ 1ሻ.	

Figure	2.14	is	a	graphical	demonstration	of	the	relationship	between	the	SWR	and	|Γ|.	

	
Figure	2.14	

For	 lossy	 lines,	 the	 line	attenuation	causes	 the	signals	 to	decay	down	the	TL	path,	
resulting	in	the	signal	forms	displayed	in	Figure	2.15.	

	
Figure	2.15	

The	figure	shows	the	presence	of	a	mixture	of	traveling	and	standing	waves,	just	as	in	
the	lossless	case.		It	is	important	to	note	here	that	since	all	the	levels	are	changing,	it	
is	not	possible	 to	define	a	 single	value	 for	 the	SWR.	 	 It	 is	 typical	 in	 such	cases;	 to	
identify	the	location	at	which	the	SWR	is	given,	i.e.,	the	SWR	of	the	load	would	be	that	
of	the	nearest	minimum	and	maximum	to	the	TL	load.	

Another	 way	 of	 looking	 at	 the	 combination	 of	 the	 two	 traveling	 waves	 and	 their	
“interference”	is	to	consider	the	corresponding	phasor	diagrams.		For	convenience,	
we	 will	 consider	 the	 case	 of	 a	 lossless	 TL	 only.	 	 In	 this	 case,	 the	 two	 phasors	
representing	the	two	traveling	waves	are:	

ܸା݁ି௝ఉ௭	ܽ݊݀	ܸି݁ା௝ఉ௭	

Referring	 to	 Figure	 2.16,	 we	 will	 start	 with	 a	 graph	 of	 the	 two	 phasors	 at	 some	
location	z1	where	they	line	up	in	their	phase.		As	we	move	from	z1	to	z2	(where	z2>z1),	
the	phase	of	the	V+	phasor	changes	by	െߚሺݖଶ െ 	the	of	phase	the	while	(decreases)	ଵሻݖ
V‐	 phasor	 changes	 by	൅ߚሺݖଶ െ 	.ሺincreasesሻ	ଵሻݖ Similarly,	 we	 monitor	 the	 phasors’	
rotation	as	we	move	to	ݖଷ	and	ݖସ.		The	sum	of	the	two	phasors	is	displayed	for	all	four	
positions	in	part	(b)	of	the	figure,	and	its	magnitude	is	plotted	vs	distance	in	part	(c)	
of	the	figure.	We	notice	that	the	sum	exhibits	the	same	shape	as	that	demonstrated	
earlier	in	Figure	2.13.		We	also	notice	that	the	peaks	(maxima)	occur	when	the	two	
phasors	 line	 up	 with	 equal	 phases.	 	 The	 spacing	 between	 two	 consecutive	 peaks	
correspond	to	a	180	degree	rotation	which	is	equivalent	to	a	distance	if	2/ߣ.	
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	 (a)	 (b)	 (c)	 	

Figure	2.16	

Standing	Waves	and	the	Bounce	Diagram:	

In	this	section,	we	further	our	exploration	of	the	physics	of	the	multiple	reflections	/	
standing	 waves	 in	mismatched	 TL	 networks.	 In	 this	 regard,	 we	will	 consider	 the	
general	case	of	impedance	mismatches	at	both	the	source	and	load	ends;	hence,	we	
can	see	that	multiple	wave	reflections	will	occur	on	the	line	with	waves	bouncing	back	
and	forth	between	the	(generally)	mismatched	TL	ends.		Figure	2.17	depicts	the	TL	
network	and	the	expected	“bounce”	diagram	as	a	result.			

	
Figure	2.17	

Using	this	bounce	(reflection‐transmission)	diagram,	let	us	now	examine	the	physical	
meaning	 of	 the	 wave	 reflection	 and	 the	 corresponding	 reflection	 coefficient	 as	

defined	in	the	frequency	domain	in	Equation	(2.50),	Γሺݖሻ ൌ
௏ష௘శം೥

௏శ௘షം೥
.	We	claim	that	the	

ܸି݁ାఊ௭		wave	resulted	from	the	reflections	of	the	wave	ܸା݁ିఊ௭.	 	Meanwhile,	we	do	
not	see	any	discontinuities	at	a	general	location	z	that	can	cause	reflections	at	that	
location.	 	So,	where	did	the	ܸି݁ାఊ௭		come	from?		The	answer	lies	in	examining	the	
transients	build	up	before	the	steady	state	(harmonic)	is	reached.			

In	this	regard,	and	based	on	the	time‐domain	solution	obtained	earlier	in	Equation	
(2.29),	a	ݒାሺݖ, 	wave	This		line.	the	of	end	sending	the	at	launched	initially	was	wave,	ሻݐ
traveled	along	the	TL	experiencing	both	attenuation	and	phase	shift	but	no	reflections	
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until	 it	met	the	 first	discontinuity	at	the	 load	end.	 	At	the	 load	“discontinuity”,	 this	
wave	suffered	its	first	reflection	triggering	the	backward	traveling	wave,	ିݒሺݖ, 	The		ሻ.ݐ
reflected	 wave	 would	 then	 travel	 back	 to	 the	 source	 end	 experiencing	 only	
attenuation	and	phase	change	until	it	met	the	source	end	discontinuity.		A	source	end	
reflection	would	then	be	in	order	and	the	bouncing	back	and	forth	continued.		With	
each	of	these	reflections,	in	general,	some	of	the	signal	energy	would	be	absorbed	in	
the	reflecting	elements	(the	TL	end	termination	impedances,	ܼ௅	ܽ݊݀	ܼ௦ሻ.		

At	 steady	 state,	 there	will	 continue	 to	 be	 a	multiple	 reflections	 at	 both	 line	 ends	
resulting	in	a	series	of	+z	traveling	waves	and	another	series	of	–z	traveling	waves.		
The	 sum	of	 terms	of	 each	of	 these	 two	 series	 correspond	 to	 the	 two	 terms	of	 the	
steady‐state	harmonic	solution,		ܸ ି݁ାఊ௭	for	the	+z	series	and	ܸ ା݁ିఊ௭	for	the	–z	series.		
(The	 proof	 of	 this	 statement	 will	 be	 carried	 out	 later	 in	 this	 chapter).	 	 The	 ratio	
between	these	two	terms	is	what	we	defined	as	the	reflection	coefficient	Γሺݖሻ.		So,	as	
you	can	see,	Γሺݖሻ	does	not	physically	exist	as	a	localized	phenomenon	at	the	z	location	
of	the	line;	rather,	it	is	a	result	of	the	comprehensive	performance	of	the	whole	setup	
as	seen	by	the	line	at	the	z	location.	

It	is	interesting	to	observe,	that	Γሺݖሻ	has	a	localized	physical	meaning	at	ݖ ൌ ℓ.		At	this	

location,	and	using	Equation	(2.49),	Γ௅ ൌ Γሺℓሻ ൌ 	
ሾ௓ಽି௓೚ሿ

ሾ௓ಽା௓೚ሿ
	which	is	determined	by	the	

discontinuity	 mismatch	 at	 that	 location	 and	 is	 totally	 independent	 of	 the	 rest	 of	
system.		

Addendum	C	

The	Bounce	Diagram	in	Frequency	Domain	

Bounce	Diagrams	in	the	Frequency	Domain:	

The	title	of	this	section	may	sound	provocative	to	some.		We	talk	about	the	evolution	
of	the	signals	on	the	TL,	i.e.	transients,	not	in	the	time	domain,	but	in	the	frequency	
domain.	 	 This	 is	what	we	 cited	 in	 Chapter	 I	when	we	 said	 you	might	 find	 people	
communicating	in	French	in	the	state	of	England.		There	must	be	a	good	reason	for	
doing	so,	and	the	following	will	demonstrate	the	idea.	

So,	we	start	by	recognizing	that	an	initial	 launch	was	let	by	the	source.	 	The	initial	
voltage	wave	corresponding	to	this	launch	is	labeled	“A”	in	Figure	2.28.	This	phasor	
voltage	 appears	 across	 the	 input	 terminals	 of	 the	TL.	 	 Referring	 to	 the	 figure,	 the	
launched	 signal	 at	 t=0	 sees	only	 the	 input	 side	of	 the	TL	and	does	not	 see	 the	TL	
discontinuity	of	the	 load	side	till	 the	signal	arrives	there	after	a	delay	of	ℓ/c௣௛.	No	
reflections	 appear	 at	 this	 moment	 and	 hence	 only	 ܸା݁ିఊ௭ ൌ 	ܸା	 exists.	 	 The	
corresponding	current	would	be		ሾܸା݁ିఊ௭ሿ/ܼ௢ ൌ 	ܸା/ܼ௢,	which	means	that	the	input	
impedance	of	 the	TL	at	 that	 instant	 (t=0)	 is	equal	 to	ܼ௢.	The	 initial	 launch	voltage	
phasor,	A,	would	then	be	given	by	a	voltage	division	of	the	source	voltage	 ௦ܸ	between	
the	source	internal	impedance	ܼ௦	and	the	TL	input	impedance	ܼ௢.	

ܣ ൌ ܸሺ0ሻ|௧ୀ଴	ൌ ௦ܸ ∙
௓೚

ሾ௓ೞା௓೚ሿ
			 ሺ2.87ሻ	
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Figure	2.28	

Referring	 to	 Figure	 2.28,	 the	 “Local”	 Reϐlection	 coefϐicients	 [Ρ(jω)	 ≡	 upper	 case	
RHO]	defined	at	the	load	and	source	“discontinuities”	are,	in	general,	different	from	
Γ(jω)	defined	earlier.	 	This	local	Ρ(jω)	is	the	reflection	coefficient	at	the	immediate	
location	of	 the	 “discontinuity”	 assuming	no	 further	 reflections	beyond	 the	 current	
location.	Said	another	way,	Ρ(jω)	is	the	“instantaneous”	reflection	coefficient	of	the	
harmonic	 wave	 at	 the	 time	 it	 arrives	 at	 a	 discontinuity	 not	 seeing	 any	 “future”	
discontinuities.	 	 This	 is	 different	 from	 Γ(jω)	 which	 defines	 the	 “steady	 state”	
reflection	coefficient	that	accounts	for	all	 “past	and	future”	discontinuities.	For	the	

example	 considered	 in	 Figures	 2.28‐2.30,	 	 ࡸࢱ ൌ ሾൌࡸࢣ ડሺरሻ	݅݊	ݏ݄݅ݐ	݁ݏܽܿሿ ൌ 	
ሾ࢕ࢆିࡸࢆሿ

ሾࡸࢆା࢕ࢆሿ
	

since	there	are	no	“future”	discontinuities	beyond	the	load	end	of	the	line.	

In	 the	 following,	we	 need	 to	 refer	 to	 both	 Figures	 2.29	 and	 2.30.	 	 The	 difference	
between	the	two	figures	is	that	2.29	shows	the	multiple	reflections	at	both	line	ends	
while	2.30	adds	the	line	signals	at	an	interim	location	(z).		As	demonstrated	in	both	
figures,	the	initial	launch	(A)	travels	down	the	TL	experiencing	modifications	in	the	
form	of	attenuation,	݁ିఈ௭,	and	phase	change,	݁ି௝ఉ௭.		So,	at	location	z	on	the	line	the	
modified	initial	launch	will	take	the	form	of	the	phasor	ܣ ∙ ݁ିఊ௭	which	we	will	label	
at	ܣ ∙ ௭ܶ,	 and	 by	 the	 end	 of	 the	 line	 at	ݖ ൌ ℓ,	 the	 phasor	 will	 take	 the	
form	ሾܸା݁ିఊℓሿ@௧ୀℓ/ୡ ൌ ܣ ∙ ݁ିఊℓ ൌ ܣ ∙ ܶ.	This	positive	traveling	wave	will	bounce	off	
the	ZL	discontinuity	causing	a	negative	z‐traveling	wave	at	ݖ ൌ ℓ,	viz.,		

ሾܸି݁ାఊℓሿ@௧ୀℓ/௖ ൌ ௅ߏ ∙ 	ሾܸା݁ିఊℓሿ@௧ୀℓ௖
ൌ ௅ߏ ∙ ܣ ∙ ܶ	

The	total	voltage	phasor	at	that	location	and	at	that	instant	would	be	
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ܸሺℓሻ ൌ 	ሾܸା݁ିఊℓሿ@௧ୀℓ/௖ ൅	ሾܸି݁ାఊℓሿ@௧ୀℓ/௖ ൌ ܣ ∙ ܶ ൅ ௅ߏ ∙ ܣ ∙ ܶ ൌ ሾ1 ൅ ௅ሿߏ ∙ ܣ ∙ ܶ	
	

	
Figure	2.29	

This	is	the	voltage	phasor	across	the	load	termination,	and	hence,	we	may	call	it	the	
transmitted	voltage	phasor	(at	that	location	and	at	that	instant).		This	component	will	
be	“absorbed”	by	the	load.	

	

ܶ ൌ ݁ିఊℓ	
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Figure	2.30	

Next,	 we	 examine	 the	 reflected	 phasor	 for	 the	 load	 side.	 	 Starting	 with	
the	ሾܸି݁ାఊℓሿ@௧ୀℓ/ୡ ൌ ሼߏ௅ ∙ ܣ ∙ ܶሽ,	 this	 phasor	 changes	 through	 the	 multiplier	
݁ିఊ∙ௗ௜௦௧௔௡௖௘	௧௥௔௩௘௟௘ௗ,	so,	at	location	z,	the	distance	traveled	would	be	݀ ൌ ℓ െ z	and	at	
the	source	end	the	distance	traveled	would	be	ℓ.	 	Hence	the	–z	traveling	wave	will	
have	its	phasor	expressions	as	݁ିఊ∙ௗ ∙ ሼߏ௅ ∙ ܣ ∙ ܶሽ ൌ ௗܶ ∙ ሼߏ௅ ∙ ܣ ∙ ܶሽ	and	݁ିఊ∙ℓ ∙ ሼߏ௅ ∙ ܣ ∙
ܶሽ ൌ ܶ ∙ ሼߏ௅ ∙ ܣ ∙ ܶሽ=ߏ௅ ∙ ܣ ∙ ܶଶ.	 This	 –z	wave	 arrives	 at	 the	 source	 end	 at	ݐ ൌ 2ℓ/c.		
When	it	does,	it	will	be	faced	with	the	discontinuity	of	the	source	impedance,	causing	
a	 reflection	 and	 a	 transmission	 (similar	 to	what	 happened	 at	 the	 load	 end).	 	 The	
reflection	coefficient	facing	the	–z	propagation	at	the	source	end	will	be	given	by	ߏ௦ ൌ
ሾ௓ೞି௓೚ሿ

ሾ௓ೞା௓೚ሿ
.	 	 This	 makes	 the	 reflected	 and	 transmitted	 phasors	 ሾߏ௦ ∙ ௅ߏ ∙	A	∙ ܶଶ]	 and	

ሾ1൅ ௦ሿߏ ∙ ௅ߏ ∙ 	A∙ ܶଶ,	respectively.		Following	the	same	approach,	we	can	construct	the	
following	table,	Table	2.3,	for	the	phasor	bounce	diagram:	

ܣ ൌ ௦ܸ ∙
௓೚

ሾ௓ೞା௓೚ሿ
ൌ ௦ܸ ∙

ሾଵି௿ೞሿ

ଶ
			 ሺ2.88ሻ	

Table	2.3	

@	Source	End	 @	location	z,	ሺࢊ ൌ र െ ሻࢠ @	Load	End

To		࢙ࢆ	 	 ൅z	Travel	 	 ൅z	Travel ൅z	Travel To ࡸࢆ
	 ‐z	Travel	 	 ‐z	Travel ‐z	Travel

	 ሾAሿ	 ሾAሿT௭ AT

	௅Aܶଶߏ ሼߏ௅ATሽTௗ	 ሼߏ௅ATሽ ሾ1 ൅ ௅ሿATߏ

ሾ1 ൅ 	ܶଶ	௅Aߏ௦ሿߏ ሾߏ௦ߏ௅A	ܶଶሿ	 ሾߏ௦ߏ௅A ܶଶሿT௭ ௦ߏ ௅Aߏ ܶଷ

௅ߏ௦ߏ
ଶA	ܶସ	 ሼߏ௦ߏ௅

ଶA	ܶଷሽTௗ	 ሼߏ௦ߏ௅
ଶA ܶଷሽ ሾ1 ൅ ௅Aߏ௦ߏ௅ሿߏ ܶଷ

ሾ1 ൅ ௅ߏ	௦ߏ௦ሿߏ
ଶA	ܶସ	 ሾߏ௦

ଶߏ௅
ଶA	ܶସሿ	 ሾߏ௦

ଶߏ௅
ଶA ܶସሿT௭ ௦ߏ

ଶߏ௅
ଶA ܶହ

௦ߏ
ଶߏ௅

ଷA	ܶ଺	 ሼߏ௦
ଶߏ௅

ଷA	ܶହሽTௗ	 ሼߏ௦
ଶߏ௅

ଷA ܶହሽ ሾ1 ൅ ௦ߏ௅ሿߏ
ଶߏ௅

ଶA ܶହ

ሾ1 ൅ ௦ߏ௦ሿߏ
ଶߏ௅

ଷA	ܶ଺	 ሾߏ௦
ଷߏ௅

ଷA	ܶ଺ሿ	 ሾߏ௦
ଷߏ௅

ଷA ܶ଺ሿT௭
	
	 	 Phasor	Series	 Expression	Sum

@
	S
ou
rc
e	

To	࢙ࢆ	 ሾ1 ൅ ௅Aܶଶߏ௦ሿߏ ൅ ሾ1 ൅ ௅ߏ௦ߏ௦ሿߏ
ଶAܶସ ൅ ሾ1 ൅ ௦ߏ௦ሿߏ

ଶߏ௅
ଷAܶ଺൅⋯

ሾ1 ൅ ௅ܶଶߏ௦ሿߏ

ሾ1 െ ௅ܶଶሿߏ௦ߏ
	ܣ

‐z	 ௅Aܶଶߏ ൅ ௅ߏ௦ߏ
ଶAܶସ ൅ ௦ߏ

ଶߏ௅
ଷAܶ଺ ൅ ⋯

௅ܶଶߏ

ሾ1 െ ௅ܶଶሿߏ௦ߏ
	ܣ

൅z	 A൅ߏ௦ߏ௅Aܶଶ൅ߏ௦
ଶߏ௅

ଶAܶସ൅ሾߏ௦
ଷߏ௅

ଷAܶ଺ሿ ൅ ⋯
ܣ

ሾ1 െ ௅ܶଶሿߏ௦ߏ

@
	z
	

‐z	 ܸିሺݖሻ ൌ ሼߏ௅ATሽTௗ ൅ ሼߏ௦ߏ௅
ଶAܶଷሽTௗ ൅ ሼߏ௦

ଶߏ௅
ଷAܶହሽTௗ ൅ ⋯

௅ܶߏ ௗܶ

ሾ1 െ ௅ܶଶሿߏ௦ߏ
	ܣ

൅z	 ܸାሺݖሻ ൌሾAሿT௭ ൅ሾߏ௦ߏ௅AܶଶሿT௭ ൅ ሾߏ௦
ଶߏ௅

ଶAܶସሿT௭ ൅ ⋯
௭ܶ

ሾ1 െ ௅ܶଶሿߏ௦ߏ
	ܣ

@
	L
oa
d	

‐z	 ሼߏ௅ATሽ൅ሼߏ௦ߏ௅
ଶAܶଷሽ ൅ ሼߏ௦

ଶߏ௅
ଷAܶହሽ ൅ ⋯

௅ܶߏ
ሾ1 െ ௅ܶଶሿߏ௦ߏ

	ܣ

൅z	 AT൅ߏ௦ߏ௅Aܶଷ ൅ ௦ߏ
ଶߏ௅

ଶAܶହ ൅ ⋯
ܶܣ

ሾ1 െ ௅ܶଶሿߏ௦ߏ
	ܣ

To	ࡸࢆ	 ሾ1 ൅ ௅ሿAT൅ሾ1ߏ ൅ ௅Aܶଷߏ௦ߏ௅ሿߏ ൅ ሾ1 ൅ ௦ߏ௅ሿߏ
ଶߏ௅

ଶAܶହ ൅ ⋯
ሾ1 ൅ ௅ሿܶߏ

ሾ1 െ ௅ܶଶሿߏ௦ߏ
	ܣ

	

ܶ ൌ ݁ିఊℓ		‐		 ௭ܶ ൌ ݁ିఊ୸		‐		 ௗܶ ൌ ݁ିఊୢ		‐		݀ ൌ ℓ െ z	
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The	expressions	in	the	table	can	be	used	to	construct	answers	for	the	voltage	phasors	
as	functions	of	position,	i.e.:	

At	the	source	end:	

ܸା ൌ
஺

ሾଵି௿ೞ௿ಽ்మሿ
	ൌ ቄ ௦ܸ ∙

ሾଵି௿ೞሿ

ଶ
∙

ଵ

ሾଵି௿ೞ௿ಽ்మሿ
ቅ	 (2.89)	

ܸି ൌ
௿ಽ	்మ஺

ሾଵି௿ೞ௿ಽ்మሿ
	ൌ ቄ ௦ܸ ∙

ሾଵି௿ೞሿ	

ଶ
∙

ଵ

ሾଵି௿ೞ௿ಽ்మሿ
∙ ܶଶቅ	௅ߏ ൌ ܸା	ߏ௅	ܶଶ	 (2.90)	

ܸሺ0ሻ ൌ ሼܸାሽ ൅ ሼܸିሽ	 (2.91)	

At	location	z:	

ܸାሺݖሻ ൌ ೥்	஺

ሾଵି௿ೞ௿ಽ்మሿ
	ൌ ቄ ௦ܸ ∙

ሾଵି௿ೞሿ	 ೥்	
ଶ∙ሾଵି௿ೞ௿ಽ்మሿ

ቅ ൌ ሼܸାሽ ∙ ௭ܶ	 ൌ ሼܸାሽ ∙ ݁ିఊ∙௭	 (2.92)	

ܸିሺݖሻ ൌ
௿ಽ	்	்೏	஺

ሾଵି௿ೞ௿ಽ்మሿ
	ൌ ቄ ௦ܸ ∙

ሾଵି௿ೞሿ	௿ಽ	்	்೏	
ଶ∙ሾଵି௿ೞ௿ಽ்మሿ

ቅ ൌ ሼܸିሽ/ ௭ܶ	 ൌ ሼܸିሽ ∙ ݁ାఊ∙௭	 (2.93)	

ܸሺݖሻ ൌ ሼܸାሽ ∙ ݁ିఊ∙௭ ൅ ሼܸିሽ ∙ ݁ାఊ∙௭	 (2.94)	

At	the	load:	

ܸሺℓሻ ൌ ሼܸାሽ ∙ ݁ିఊ∙ℓ ൅ ሼܸିሽ ∙ ݁ାఊ∙ℓ	 (2.95)	

It	is	important	to	mention	that	the	above	obtained	expressions	for	ሼ܄ାሽ	and	ሼି܄ሽ	are	
in	agreement	with	those	obtained	earlier	in	Equations	(2.41)	and	(2.42).		This	can	be	

shown	upon	the	substitution	of	ߏ௦ ൌ
ሾ௓ೞି௓೚ሿ

ሾ௓ೞା௓೚ሿ
௅ߏ	,	 ൌ

ሾ௓ಽି௓೚ሿ

ሾ௓ಽା௓೚ሿ
	,	and	

୚ೞ	௓೚
௓ೞା௓೚

ൌ V௦ ∙
ሾଵି௿౩ሿ

ଶ
.	
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