Chapter II-Lecture 8 of 10
Transmission Lines - Wave Equations

0 Transmission Line Trace on the Smith Chart
0 How Does the Smith Chart Work

Transmission Line Trace on the Smith Chart:

The Smith chart is a graphical representation that can enable us to monitor the
transmission line performance parameters in terms of its I'(z) and Z(z) at different
location of the line. Referring to Figure 2.41, we will demonstrate how the chart can
be used to achieve this objective.
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Figure 2.41

Since the chart is a plot of the I' phasor, then tracking the line trace implies tracing its
['(z) on the chart. Using Equation (2.105), we can write the expression for the I'(z) in
terms of I'(0) and I'(#) as:

T'(Z) — ['(0) . e+2yz — ['(0) . e+2aze+2j,82 — ['(0) . e+2aze+j4n-(z/l) (2'107)
and,

F(Z) = [i . e_ZV(I_Z) = 11 . e—2a(€—z)e—j4n-[({’—z)/A]

The latter can be rewritten as a function of d, (the distance from the load end), using
d=¢-z:

I"(d) — I—i . e—2yd — 11 . e—Z(xde—Zj[)’d — 11 . e—Za’de—j4n'(d//1) (2]08)

Equations (2.107) and (2.108) can be rewritten in terms of their magnitude and phase
components:

[F(2)] = |F(0)|e*?%? and 4I'(z) = 4I'(0) + 41 - (z/4) (2.109)
and
|r(d)| = |Ile™?%¢ and 4I'(d) = 4I;, — 4w - (d/2) (2.110)

Equations (2.109) and (2.110) are telling us that the magnitude of the I' phasor
changes with position on the line depending on the attenuation coefficient, a. They
also show us the continuous (linear) phase change of the phasor.

Case of Lossless TL, a=0:
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In this case, and as can be shown from Equations (2.109) and (2.110), the magnitude
of the reflection coefficient is the same (constant) at all line locations:

IF(2)| = r0)| = |1

and, hence, the trace of |I'(z)| is a circle centered at the origin and has a radius of
[T(0)|= |T'L|. On the other hand, the phase angle increases as we move towards the
load and decreases with motion towards the source. Consequently, the left chart of
Figure 2.42 displays the trace of I'(z) starting at z=0, moving towards the load, passing
by points z1 and z: till the end of the line at z=¢. The phase shifts from z=0 to z=z1,
z=72, and finally z=¢ are represented by angles of counter-clockwise rotations starting
at the phase at z=0 in the amounts 4m (z1/A), 41 (z2/A), 41 (£/A), respectively. These
rotation angles correspond to rotations of (z1/A), (zz/A), and (£/A), respectively, on
the counter-clockwise normalized distance scale labeled “Towards Load”.

Likewise, the right chart in Figure 2.42 demonstrates the same line but starting the
trace at the load end on the TL. The trace is thus starting at d=0 (z=¢), and moves
towards the source, passing by points dz (or zz) and d1 (or z1) till the source end of
the line at d=# (z=0). The phase shifts from d=0 to d=dz, d=d1, and finally d=¢ are
represented by angles of clockwise rotations in the amounts 4w (dz/A), 41 (d1/A), 4™
(£/1), respectively. Again, these rotation angles correspond to rotations of (dz/A),
(d1/A), and (£/A), respectively, on the clockwise normalized distance scale labeled
“Towards Generator”.
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Figure 2.42

Case of Lossy TL, a20:

In this case, and as can be shown from Equations (2.109) and (2.110), the magnitude
of the reflection coefficient varies with position, and hence, the I'(z) is no longer a
circle of a constant radius. Varying the magnitude while rotating the phase results in
a spiral trace as demonstrated in Figure 2.43. The prescribed spiral pitch depends on
the value of the attenuation coefficient. For a low loss line, the pitch is small while it
becomes large for larger attenuation coefficients. The spiral trace is inwards as we
move towards the source while appearing outwards for motions towards the load.

Chapter 1l - TL EM Fields & Waves - 2014 - Sedki Riad Page 2 of 6



Trace of a Lossy TL Trace of a Lossy TL
IT| Spirals out to Load || Spirals in to Source

Figure 2.43

Figure 2.43 demonstrates the same TL traces discussed earlier in Figures 2.41 and
2.42 in the presence of line loss, a#0.

How Does the Smith Chart Work?

Starting with Z(z or d):

In this case, we assume that the driving point impedance is known at some point on
the line located at a distance z from its source end (distance d from its load end). The
objective is to determine the frequency-domain reflection coefficient at that location.
The mathematical expression to be used in this case if we were to do the calculations
mathematically is that of Equation (2.46 or 101):

[Z(zord) - Z,]

I'(zord) = [Z(zord) + Z,]

The Smith chart (graphical) procedure goes as follows, refer to Figure 2.44:

1. Choose a normalization impedance, Z,, for the problem at hand. Typically, the
characteristic impedance of the “dominant” transmission line of the circuit is a
preferred choice.

2. Compute the normalized impedance by dividing Z(%rd) =Zy,(zord) =r+jx

3. Locate the “r” circle for the obtained “r” value

4. Locate the “x” circle for the obtained “x” value

5. The intersection of the two circles defines the I'(z or d) point

6. The line connecting the origin to the T'(zord) point is the phasor
representing I'(z or d)

7. The length of the I'(z or d) phasor is the magnitude of ['(z or d).

8. Draw a circle centered at the origin passing by the I' point and project the radius
of this circle on the | T'| scale to read the magnitude of T

9. The angle the I'(z or d) phasor makes with the horizontal (real axis) is the angle
of the I'(z or d) phasor. Read the phase angle of ' on the provided angle scale.

10. In rectangular format, the projections of the I'(z or d) phasor on the horizontal
and vertical axes are the real and imaginary parts of the I'(z or d) phasor,
respectively.
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Figure 2.44

Starting with the I'(z or d) phasor:

In this case, we assume that the frequency-domain reflection coefficient is known at
some point on the line located at a distance z from its source end (distance d from its
load end). The objective is to determine the driving point impedance of the line at that
location. The mathematical expression to be used in this case if we were to do the
calculations mathematically is that of Equation (2.46 or 101):

[1+T(zord)]

Z(zord) =Zom

The Smith chart (graphical) procedure goes as follows, again, refer to Figure 2.44:

1. The normalization impedance Z, must be given to us along with the I'(z or d).

2. Locate the I'(z or d) phasor (Magnitude and Phase) or Real and Imaginary.

3. For |I'|, I'te and I'im use the |T'| Scale provided to enter the proper line lengths to
be graphed on the chart. For phase, use the phase angle scale to enter the /.

4. Locate the “r” circle that passes by the I'(z or d) phasor point - read the value of
I.

5. Locate the “x” circle that passes by the I'(z or d) phasor point - read the value of
X.

6. Compose the obtained r and x values to obtain a numerical value for the complex
normalized impedance Z,(zord) =Z/Z, =r + jx.

7. De-normalize Z,(z or d) to compute the actual driving point impedance of the
line Z(z or d) at the position (z or d). To de-normalize, you multiply the
normalized impedance by the given normalization impedance Z,. Thus,
Z(zord)=7Z,(zord) " Z,.

Finding I’ (z, or d,) (and Z(z, or d,)) knowing I'(z, or d,) or Z(z, or d

In this case, we assume that line information (either Z or I') is known at some point
on the line (e.g. z1 or d1). The objective is to determine the corresponding Z and I' at
another point on the line (e.g. zz or d2). The mathematical expressions for this case
was given earlier in Equation (2.106), i.e.:

IF'(2)| = T (2,)|e*?* #2770 and £T(2,) = £ (21) + 4n - [(2, — z)/A]  (2.106)
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Once I'(z2) is determined, we would use Equation (2.46) to get Z(zz2).

The Smith chart (graphical) procedure is illustrated in Figures 2.45:

1.

Locate the line position z1 (or d1) on the chart though the I' Phasor or impedance

Z information as demonstrated earlier.

e Moving toward the load, z, > z;, then according to Equation (2.106),
IT(z,)| > IT(zy)| and and 2I'(z,) = 2I'(z;)

0 The corresponding trace for line points on the chart is a counter-
clockwise growing spiral. The spiral radius growth is determined by the
exponent e*2® (?2=21)_ This computation is to be performed manually
since the spiral is not part of the chart.

e However, ifz, <z (ord,>d;), ie. we move towards the source
(generator), the corresponding motion on the (same) spiral would be in the
opposite direction.

Compute the normalized distance of rotation [(z, — z,)/A] (or [(d; — d;)/A]) and

enter this amount on the chart using the normalized distance scale starting at

point “z1” to locate point “z2”.

Read I'(z,) (and Z,, =1, + jx;)

I1im‘
Z2b7%

Figure 2.45

Special case (Lossless TL), « = 0:

This case is similar to the case above except for having a constant radius circle
replacing the spiral trace. Figure 2.46 demonstrates the graphical procedure on the
chart in a similar manner.

Chapter 1l - TL EM Fields & Waves - 2014 - Sedki Riad Page 5 of 6



Figure 2.46

COCOCOCOCOCOCOCOCOCOCD

Chapter 1l - TL EM Fields & Waves - 2014 - Sedki Riad Page 6 of 6



